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Abstract
The main purpose of this paper is using the analytic method to study the mean value properties of the
two-term exponential sums with Dirichlet characters, and give an explicit formula for its fourth power mean.
© 2006 Elsevier Inc. All rights reserved.
Keywords: The two-term exponential sums; Dirichlet character; Mean value
1. Introduction
This paper is concerned with exponential sums of the type
C(m,n, k;q) =
q∑
a=1
e
(
mak + na
q
)
, (1)
where q,m,n, k are integers with q  3 and k  2, which is called as the two-term exponential
sums.
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tions between the summation and the Waring’s problem. About its arithmetical properties, many
authors had studied it. For example, Davenport and Heilbronn [6] proved that
C
(
m,n, k;pr)k pθr(b,pr), if p  m, (2)
where θ = 2/3 if k = 3, and θ = 3/4 if k  3. Applying Weil’s estimate for exponential
sums over finite fields, Hua [7] proved that θ = 1/2 for all k  2. Improvements for (2) have
been made by Loxton and Smith [9], Smith [12], Loxton and Vaughan [10], Dabrowski and
Fisher [5], etc. Recently, Ye found certain identities between the two-term exponential sums
and hyper-Kloosterman sums (see Theorem 3 of Ref. [14]), these identities are in turn deduced
from generalized Davenport–Hasse identities of Gauss sums. Using the better bounds for hyper-
Kloosterman sums for prime power moduli obtained in [5], he established better bounds for (2),
see Theorem 1 of [14].
The two-term exponential sums with Dirichlet character were defined as follows:
C(m,n, k,χ;q) =
q∑
a=1
χ(a)e
(
mak + na
q
)
, (3)
where χ denotes a Dirichlet character mod q . Since C(m,n, k,χ0;q) = C(m,n, k;q), where χ0
is the principal character mod q , it is clear that the summation (3) is a generalization of (1). If
q = p, it follows from Weil’s work [13] that for all χ mod p, and p  m,
∣∣C(m,n, k,χ;q)∣∣ kp 12 .
For q = pr , Professor Cochrane and Zheng Zhiyong [3] showed the following upper bound
∣∣C(m,n, k,χ;pr)∣∣ kp 23 r(b,pr) 13 ,
where k  2, r  1,p > 2 and m,n are any integers with p  m; While if p = 2, then for all χ
mod 2r , they showed
∣∣C(m,n, k,χ;2r)∣∣ 2k2 23 r(b,2r) 13 ,
and proved that the exponent 23 r is the best possible. If further suppose χ is a multiplicative
character modulo pr of conductor p and p  (m,n), they got the improved upper bound
∣∣C(m,n, k,χ;pr)∣∣ kp r2 ,
see Ref. [4].
The main purpose of this paper is to study the asymptotic properties of the 2lth power mean
∑
χ modq
q∑
m=1
∣∣C(m,n,χ;q)∣∣2l , (4)
and give an exact formula for (4) with l = 2. That is, we shall prove the following:
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integer n with (n, q) = 1, we have the identity
q∑
m=1
∑
χ modq
∣∣C(m,n, k,χ;q)∣∣4
= qφ3(q)d(q)
∏
pα‖q
α2
(
1 − 2(k,p − 1) − 1
(α + 1)(p − 1)
)∏
p‖q
(
1 − 2(k,p − 1) − 1
2(p − 1) +
(k,p − 1)2 − 1
2(p − 1)2
)
,
where φ(q) is the Euler function, d(n) = ∑d|n 1 is the divisor function, ∏pα‖q denotes the
product over all p such that pα | q and pα+1  q .
Corollary 1. Let q be a square-full number, k be any positive integer with (k, q) = 1. Then for
any fixed integer n with (n, q) = 1 we have
q∑
m=1
∑
χ modq
∣∣C(m,n, k,χ;q)∣∣4 = qφ3(q)d(q) ∏
pα‖q
(
1 − 2(k,p − 1) − 1
(α + 1)(p − 1)
)
.
From this corollary we know that for each positive integer q > 3, there exist at least a pair of
m and χ mod q such that |C(m,n, k,χ;q)|  q 12 . That is to say, the exponent r2 in the bound of
C(m,n, k,χ;pr) cannot be improved further.
If we suppose k + 1 ≡ 0 (mod φ(q)), the two-term exponential sums with Dirichlet character
is the general Kloosterman sum S(m,n,χ;q) which defined as follows
S(m,n,χ;q) =
q∑
a=1
χ(a)e
(
ma + na¯
q
)
,
where aa¯ ≡ 1 (mod q). This summation is a generalization of the classical Kloosterman sums
S(m,n;q) = S(m,n,χ0;q), χ0 is the principal character modulo q . The varies arithmetical
properties about S(m,n;q) and S(m,n,χ;q) were investigated by many authors, see [8], [11]
and [2]. In [15], the third author studied the fourth power mean of the general Kloosterman sum,
and obtained an exact computing formula for it. But there is a little computing mistake in Lemma
1 of [15], so the final result is not correct. From our theorem, set k + 1 ≡ 0 (mod φ(q)), we can
immediately get the fourth power mean of the general Kloosterman sum:
Corollary 2. Let q  3 be an integer. Then for any fixed integer n with (n, q) = 1 we have
q∑
m=1
∑
χ modq
∣∣S(m,n,χ;q)∣∣4 = qφ3(q)d(q) ∏
pα‖q
(
1 − 1
(α + 1)(p − 1)
)
.
From this point, the present work is a generalization of [15].
For the higher moment, whether there exists an explicit formula for (4) (with l  3) is an open
problem.
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Before starting our proof of the theorem, several lemmas will be useful.
Lemma 1. Let p be a prime, α be a positive integer. Then we have
pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
1 = (α + 1)φ(pα)− pα−1.
Proof. The problem is to calculate the number of solutions of the congruences
(a − 1)(b − 1) ≡ 0 (mod pa)
with a, b run through the reduced residue system modulo pα , so we split it into three cases:
p  b − 1, pi ‖ b − 1 (i = 1,2, . . . , α − 1), and pα | b − 1. This gives us
pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
1
=
pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
pb−1
1 +
α−1∑
i=1
pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
pα−i‖b−1
1 +
pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
pα |b−1
1
= φ(pα)− pα−1 + α−1∑
i=1
pα−i
(
pi − pi−1)+ φ(pα)
= (α + 1)φ(pα)− pα−1.
This proves Lemma 1. 
Lemma 2. Let x run through the least positive reduced residue system modulo pα , k be any
positive integer such that (p, k) = 1. Then for any integer i ∈ [1, α−1], there is only one common
solution of congruences
xk ≡ 1 (mod pα)
and
x ≡ 1 (mod pi)
lying in the interval [1,pα], it is x = 1.
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xk ≡ 1 (mod pi) (5)
can be lifted in a unique way from pi to pi+1. That is, if r is a solution of (5) lying in the interval
0 r < pi , we can obtain a solution of congruence:
xk ≡ 1 (mod pi+1) (6)
in the interval 0 x < pi+1 with the form r + qpi , where q satisfying
qkrm−1 + r
k − 1
pi
≡ 0 (mod p)
and 0 q < p. It is clear that if r1 	= r2 then r1 + q1pi 	= r2 + q2pi . Note that the number of the
solutions of (5) in the interval 0 x < pi and the number of the solutions of (6) in the interval
0  x < pi+1 are all (k,p − 1). This tell us all the solutions of (6) can be written as r + qpi .
Since
pi  r1 + q1pi −
(
r2 + q2pi
)
if r1 	= r2, all the solutions of (6) are incongruent mod pi . Now we lift the solutions of congru-
ence:
xk ≡ 1 (mod p)
from p to pα step-by-step. From the result what we talked about, it is obviously that all the
solutions of the congruence:
xk ≡ 1 (mod pα)
are incongruent mod p. It is clear that 1 is a common solution, then we proved Lemma 2. 
Lemma 3. Let p be a prime, a  2 be a positive integer, and k be a positive integer such that
(k,p) = 1. Then we have
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖(a−1)(b−1)
1 = 2φ(pα)[(k,p − 1) − 1].
Z. Xu et al. / Journal of Number Theory 123 (2007) 352–362 357Proof. It is clear that (a − 1) | (ak − 1) and (b − 1) | (bk − 1). So we can get
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖(a−1)(b−1)
1
=
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖a−1
pb−1
1 +
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖b−1
pa−1
1
+
α−2∑
s=1
α−2∑
t=1
s+t=α−1
pα∑′
a=1
pα∑′
b=1
(
∑k−1
i=0 ai )(
∑k−1
j=0 bj )≡0 (modp)
ps‖a−1 pt‖b−1
1.
Noting that if p | a − 1 and p | b − 1 then
(
k−1∑
i=0
ai
)(
k−1∑
j=0
bj
)
≡ k2 (mod p).
That is,
p 
(
k−1∑
i=0
ai
)(
k−1∑
j=0
bj
)
.
So from Lemma 2 we have
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖(a−1)(b−1)
1
=
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖a−1
pb−1
1 +
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖b−1
pa−1
1
= (p − 1)(pα−1[(φ(p), k)− 1])+ (p − 1)(pα−1[(φ(p), k)− 1])
= 2φ(pa)[(k,p − 1) − 1].
This proves Lemma 3. 
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q1q2∑
a=1
χ(a)e
(
f (a)
q1q2
)
=
q1∑
a=1
χ1(q2a)e
(
f (q2a)
q1q2
)
·
q2∑
b=1
χ2(q1b)e
(
f (q1b)
q1q2
)
,
where χ = χ1χ2 with χ1 mod q1 and χ2 mod q2.
Proof. Let a = q1b + q2c, we know that if b and c pass through a complete residue system
modulo q2 and q1, respectively, then a pass through a complete residue system modulo q1q2. It
is clear that
e
(
f (q1b + q2c)
q1q2
)
= e
(
f (q1b)
q1q2
)
e
(
f (q2c)
q1q2
)
.
So we can write
q1q2∑
a=1
χ(a)e
(
f (a)
q1q2
)
=
q2∑
b=1
q1∑
c=1
χ1χ2(q1b + q2c)e
(
f (q1b)
q1q2
)
e
(
f (q2c)
q1q2
)
=
q2∑
b=1
χ2(bq1)e
(
f (q1b)
q1q2
) q1∑
c=1
χ1(cq2)e
(
f (q2c)
q1q2
)
.
This proves Lemma 4. 
Lemma 5. Let p be a prime, k be any positive integer with (k,p) = 1, and α be a positive integer.
Then for any fixed integer n with (n,p) = 1, we have
pα∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
e
(
nd(b − 1)(a − 1)
pα
)
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
φ
(
pα
) pα∑′
a=1
pα∑′
b=1
(a−1)(b−1)≡0 (modpα)
1 − pα−1
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pα−1‖(a−1)(b−1)
1 if α  2,
(p − 1)
p−1∑
a=1
p−1∑
b=1
(a−1)(b−1)≡0 (modp)
1 −
p−1∑
a=1
p−1∑
b=1
(ak−1)(bk−1)≡0 (modp)
p(a−1)(b−1)
1 if α = 1.
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pα∑′
d=1
e
(
nd(a − 1)(b − 1)
pa
)
is the famous Ramanujan sum. So from the properties of Ramanujan sum we can obtain the
following formulae:
pα∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
e
(
nd(b − 1)(a − 1)
pα
)
=
pα∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
(a−1)(b−1)≡0 (modpα)
e
(
nd(b − 1)(a − 1)
pα
)
+
α−1∑
i=1
pα∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
pi‖(a−1)(b−1)
e
(
nd(b − 1)(a − 1)
pα
)
+
pα∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
p(a−1)(b−1)
e
(
nd(b − 1)(a − 1)
pα
)
=
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
(a−1)(b−1)≡0 (modpα)
φ
(
pα
)+ α−1∑
i=1
pi
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
pi‖(a−1)(b−1)
μ
(
pα−i
)
+
pα∑′
a=1
pα∑′
b=1
(ak−1)(bk−1)≡0 (modpα)
p(a−1)(b−1)
μ
(
pα
)
,
where μ(a) is the Möbius function. Noting that μ(pα) = 0 when α  2 and
(a − 1)(b − 1) | (ak − 1)(bk − 1),
we can obtain Lemma 5. 
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Then for any fixed integer n with (n,p) = 1, we have
pα∑
m=1
∑
χ modpα
∣∣C(m,n, k,χ;pα)∣∣4
=
⎧⎨
⎩
(p − 1)3p(2 − 2(k,p−1)−1
p−1 + (k,p−1)
2−1
(p−1)2
)
if α = 1,
φ3(pα)pα
(
α + 1 − 2(k,p−1)−1
p−1
)
if α  2.
Proof. For any positive integer q  3, from the properties of reduced residue system mod q we
have
∣∣C(m,n, k,χ;q)∣∣2
=
q∑′
a=1
q∑′
b=1
χ(ab)e
(
m(ak − bk) + n(a − b)
q
)
=
q∑′
a=1
χ(a)
q∑′
b=1
e
(
mbk(ak − 1) + nb(a − 1)
q
)
.
Now from the orthogonality relation for Dirichlet character χ mod q we may immediately get
∑
χ modq
∣∣C(m,n, k,χ;q)∣∣4
= φ(q)
q∑′
a=1
∣∣∣∣∣
q∑′
b=1
e
(
mbk(ak − 1) + nb(a − 1)
q
)∣∣∣∣∣
2
. (2.3)
Note that the trigonometrical identity
q∑
a=1
e
(
sa
q
)
=
{
q, if q | s,
0, if q  s.
Then we can write
pα∑
m=1
∑
χ modpα
∣∣C(m,n, k,χ;pα)∣∣4
= φ(pα) p
α∑′
a=1
pα∑
m=1
∣∣∣∣∣
pα∑′
b=1
e
(
mbk(ak − 1) + nb(a − 1)
pα
)∣∣∣∣∣
2
= φ(pα) p
α∑′ pα∑′ pα∑′ pα∑
e
(
m(bk − dk)(ak − 1) + n(b − d)(a − 1)
pα
)
a=1 b=1 d=1 m=1
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α∑′
a=1
pα∑′
b=1
pα∑′
d=1
pα∑
m=1
e
(
mdk(bk − 1)(ak − 1) + nd(b − 1)(a − 1)
pα
)
= φ(pα)pα p
α∑′
a=1
pα∑′
b=1
pα∑′
d=1
(ak−1)(bk−1)≡0 (modpα)
e
(
nd(b − 1)(a − 1)
pα
)
.
Combining Lemmas 5, 1 and 3, we can easily deduce Lemma 6. 
3. Proof of the theorem
Applying Lemmas 2 and 6 on the above section, we can complete the proof of the theorem.
In fact let q has the prime power decomposition q =∏ri=1 pαii , m =∑ri=1 miqpαii . It is clear that
if mi (i = 1,2, . . . , r) pass through a complete residue system modulo pαii , then m pass through
a complete residue system modulo q . Then from Lemmas 2 and 6 we immediately obtain the
identity
q∑
m=1
∑
χ modq
∣∣C(m,n, k,χ;q)∣∣4
=
r∏
i=1
[ ∑
χi modp
αi
i
p
αi
i∑
mi=1
∣∣∣∣∣
pαi∑
a=1
χ
(
q
pαi
a
)
e
(
mi
q
pαi
(
aq
pαi
)k + n( aq
pαi
)
q
)∣∣∣∣∣
4]
=
r∏
i=1
[ ∑
χi modp
αi
i
p
αi
i∑
mi=1
∣∣∣∣∣
pαi∑
a=1
χ(a)e
(
mia
k + na
pαi
)∣∣∣∣∣
4]
=
∏
p
αi
i ‖q
αi2
[
φ3
(
p
αi
i
)
p
αi
i
(
αi + 1 − (k,pi − 1) − 1
pi − 1
)]
×
∏
pi‖q
[
(pi − 1)3pi
(
2 − 2(k,pi − 1) − 1
pi − 1 +
(k,pi − 1)2 − 1
(pi − 1)2
)]
= φ3(q)q
∏
pα‖q
α2
(
α + 1 − 2(k,p − 1) − 1
p − 1
)∏
p‖q
(
2 − 2(k,p − 1) − 1
p − 1 +
(k,p − 1)2 − 1
(p − 1)2
)
= qφ3(q)d(q)
∏
pα‖q
α2
(
1 − 2(k,p − 1) − 1
(α + 1)(p − 1)
)∏
p‖q
(
1 − 2(k,p − 1) − 1
2(p − 1) +
(k,p − 1)2 − 1
2(p − 1)2
)
.
This completes the proof of the theorem.
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